Introduction
Application of the finite element method to the mixed variational formulations of elasticity has been an area of active research for over two decades. Attention has particularly been focused at incompressible elasticity ͓1͔ because of its fundamental place in solid mechanics in general and its ability to model a wide class of materials in particular. Volume preserving or the isochoric mode of deformation is an important kinematic constraint on the response of several materials ͓2͔. Especially, in finite deformation elasto-plasticity, the plastic or the inelastic response of several metals and polymers is assumed volume preserving. Standard displacement based techniques for incompressible elasticity show an overly stiff response commonly termed as "locking" and require special treatment to yield engineering solutions, e.g., the use of mixed-methods ͓3-7͔, reduced and selective integration techniques ͓8-11͔, stress projection techniques ͓2,12,13͔, and B-bar methods ͓10͔. Published literature on the treatment of locking phenomena is exhaustive ͓2,3,6-19͔, and the interested reader is referred to the standard texts by Brezzi et al. ͓20͔ and Hughes ͓21͔ for an overview of the various techniques.
Our objective in this work is to develop a stabilized formulation for incompressible elasticity such that the definition of the stability parameter appears naturally in the developments. The idea of using stabilized methods in computational solid mechanics is motivated by the success of stabilized methods in the area of computational fluid dynamics. Even though the similarity of the mixed u − p form of incompressible elasticity with the Stokes equations was pointed out in Hughes et al. ͓22͔ , the remark largely went unnoticed and the application of stabilized methods to incompressible elasticity lagged behind its application to fluid dynamics. Relatively recently, attempts have been made to employ Galerkin/ least-squares method for elastoplasticity ͓23͔, Petrov-Galerkin method for finite elasticity ͓17͔, and multiscale method for modeling weak discontinuities in solids ͓24͔.
In this paper we employ the variational multiscale method ͓25͔ and present a systematic procedure for the development of a stabilized formulation, here on termed as the Hughes variational multiscale ͑HVM͒ formulation, for compressible and nearly incompressible elasticity. Within the context of elasticity wherein the underlying continuum formulation does not possess any scales, the word multiscale is to be viewed as the computational scales in the solution to the Galerkin form of the problem. A novelty of the present method as compared to the celebrated stabilized methods, namely the streamline upwind Petrov-Galerkin ͑SUPG͒ and the Galerkin/least-squares ͑GLS͒ methods is that the present method is free of user defined or user designed stability parameters. In addition, a canonical expression for the stability parameter appears naturally in the developments presented in Sec. 2 and 3. A significant advantage of using stabilized formulations for incompressible elasticity is that the issues related to locking in the incompressible limit are completely avoided, and the need for special treatments, namely, the stress projection techniques, reduced integration techniques, and the use of special interpolation polynomials is completely bypassed. Another significant advantage of the stabilized methods is that arbitrary combinations of interpolation functions can be employed for the displacement and pressure fields. Specially, equal order interpolations that are easy to implement but are unstable within the classical Galerkin framework, become stable and convergent.
An outline of the paper is as follows: Section 2 presents a mixed form of elasticity and its corresponding standard Galerkin form. The multiscale computational framework and the mathematical steps that lead to the stabilized form are presented in Sec. 3. Numerical simulations are presented in Sec. 4, and conclusions are drawn in Sec. 5.
where u͑x͒ is the displacement vector field and p͑x͒ is the scalar pressure field. K is the bulk modulus defined as K = E /3͑1−2͒. Equation ͑1͒ represents equilibrium in body ⍀, Eq. ͑2͒ is the volumetric constitutive equation in ⍀, Eq. ͑3͒ is the Dirichlet boundary condition on ⌫ g , and Eq. ͑4͒ is the Neumann boundary condition on ⌫ h .
Standard Variational Form.
The standard variational form of the boundary value problem is stated in terms of the following spaces for trial solutions and weighting functions.
Because there are no explicit boundary conditions on pressures, P suffices as both a trial solution space and a weighting function space. The weighted residual form for the equilibrium and the volumetric constitutive equation is as follows:
where w and q are weighting functions corresponding to displacement u and pressure p, respectively. We split the stress tensor into two parts: Deviatoric stress s and pressure p
where is the shear modulus, 1 is the second order unit tensor, I is the rank four unit tensor, and I dev = I − The standard form ͑8͒ and ͑9͒ is required to satisfy the celebrated Babushka-Brezzi inf-sup condition ͓20͔ to yield stable and convergent elements in the incompressible limit.
3 The Variational Multiscale Method 3.1 Multiscale Decomposition. In this section we apply the variational multiscale method, first proposed by Hughes ͓25͔, to the development of a stabilized formulation for a mixed form of elasticity that is applicable in the incompressible limit. We consider the bounded domain ⍀ discretized into nonoverlapping regions ⍀ e ͑element domains͒ with boundaries ⌫ e , e =1,2,…n umel , such that
We denote the union of element interiors and element boundaries by ⍀Ј and ⌫Ј, respectively.
We assume an overlapping sum decomposition of the displacement field into coarse scales or resolvable scales and fine scales or the subgrid scales.
͑14͒
Remark 2: For the case of elasticity wherein the underlying continuum formulation does not possess any scales, the coarse and fine scales should be viewed as the computational scales in the solution to the Galerkin form of ͑8͒ and ͑9͒, i.e., u͑x͒ represents part of the solution that is resolved by a given grid, and uЈ͑x͒ represents the error in the solution.
Likewise, we assume an overlapping sum decomposition of the weighting function into coarse and fine scale components indicated as w and wЈ, respectively.
͑15͒
We further make an assumption that the subgrid scales, although nonzero within the elements, vanish identically over the element boundaries.
Employing ͑14͒ in the definition of the symmetric strain tensor, we can decompose the strain field into two components.
where is the coarse scale strain field while Ј is the fine scale strain field. Because of ͑16͒, Ј is defined locally within an element and is discontinuous across element boundaries. We define the corresponding discrete spaces of functions S h , P h , and V h , and write the Galerkin form as;
The decomposed form of the displacement field u given in ͑14͒ can be represented via interpolation functions as
where n el is the number of displacement nodes in the element, and n b is the number of interpolation functions for the fine scales in the element. N represents coarse scale shape function that can be associated with the standard Lagrange interpolation functions, while NЈ represents fine scale shape functions and in general they can be represented by any functions that satisfy ͑16͒. Without loss of generality we assume that in the present problem NЈ are represented by the so-called bubble functions.
Remark 3: Shape functions N and NЈ should be linearly independent so as to ensure that u͑x͒ പ uЈ͑x͒ = 0.
The pressure field p h ͑x͒ is represented as
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where n p is the number of pressure nodes, N p represents the shape functions for the pressure field, and p represents the nodal values of the field.
Decomposition of the Galerkin Form.
Substituting ͑15͒ into ͑18͒ and exploiting the linearity of the weighting function slot we can split Eq. ͑18͒ in a coarse scale and a fine scale problem. Since we have assumed fine scale pressure pЈ = 0, therefore, qЈ = 0. Accordingly, Eq. ͑19͒ only contributes to the coarse scale problem. Since the trial solutions and weighting functions are implied to be functions of h, therefore, to keep the notation simple, explicit dependence on h is suppressed.
Coarse scale sub-problem:
Fine scale sub-problem:
Our objective at this point is to solve the fine scale problem, defined over the sum of element interiors, to obtain the fine scale displacement field uЈ. This fine scale field can then be substituted in the coarse scale problem ͑22͒ and ͑23͒, thereby eliminating the fine scales, yet retaining their effect.
Solution of the Fine-Scale
Sub-Problem. Substituting Eq. ͑10͒ into Eq. ͑24͒, and noting that wЈ͉ ⌫ Ј = 0 one obtains
Inserting Eq. ͑17͒ into Eq. ͑25͒, and then employing ͑20͒ and ͑21͒ we get
The weighting functions wЈ corresponding to fine scales are also represented via bubble functions NЈ
Substituting Eq. ͑27͒ into Eq. ͑26͒ and by employing arbitrariness of wЈ we can write the variational problem in its matrix form as follows:
where
The fine scale displacement coefficients uЈ can now be obtained from ͑28͒ as follows.
3.2.2 Solution of the Coarse-Scale Sub-Problem. Substituting Eq. ͑10͒ into Eq. ͑22͒, one obtains
Inserting Eq. ͑17͒ into Eq. ͑34͒ and then employing ͑20͒ and ͑21͒ we get
The weighting functions w corresponding to the coarse scale displacements are represented via the standard interpolation functions N.
Substituting Eq. ͑36͒ into Eq. ͑35͒, and employing arbitrariness of w, we can write the matrix form as follows:
Substituting the fine scale coefficients uЈ from Eq. ͑33͒ leads to the following matrix form
which can be further simplified as
Remark 4: It is important to note that ͑39͒ is completely expressed in terms of the coarse/resolvable scales of the problem.
The Volumetric Constitutive Equation.
Substituting Eq. ͑10͒ in the volumetric constitutive Eq. ͑23͒ and employing ͑20͒ and ͑21͒ we get
The weighting function q corresponding to pressure p can be represented as
Substituting Eq. ͑45͒ into Eq. ͑44͒ and employing arbitrariness of q leads to the following matrix form of equations.
Substituting the fine scale coefficients uЈ from Eq. ͑33͒ into ͑46͒ yields the following.
Simplifying this expression we get
3.3 Matrix Form of the HVM Formulation. Combining Eqs. ͑39͒ and ͑48͒, the mixed displacement-pressure formulation can be written in the matrix form as follows:
where u represents the unknown displacement degrees of freedom and p represents the unknown pressure degrees of freedom. Now that we have derived the stabilized/multiscale formulation, we can make some simplifications in ͑54͒ by noting the following:
Accordingly, Eq. ͑54͒ can be written as
is the stabilized finite element matrix form for the mixed displacement-pressure form of elasticity.
Remark 6: The left-hand side matrix in ͑55͒ is a symmetric matrix which is expressed entirely in terms of the coarse/ resolvable computational scales of the problem. Fine scales have been substituted for by the additional terms in the matrix. These terms stabilize the formulation while consistently representing the fine computational scales in the problem.
Remark 7: An analogy with the stability parameters employed in the stabilized methods for Stokes flow can be made by observing that K 1 −1 is playing the role of the so-called stability parameter in ͑55͒. It is important to note that in the present method, an explicit definition of K 1 −1 appears and is given in ͑29͒. Remark 8: We can make a direct comparison of Eq. ͑55͒ with the standard mixed form for elasticity that can be obtained by dropping the stabilization terms. Without the subscale effect, Eq. ͑55͒ will reduce to matrix form of Eqs. ͑8͒ and ͑9͒ as follows:
As mentioned earlier, this form is required to satisfy the inf-sup condition ͓20͔ to yield stable and convergent elements in the incompressible limit.
Numerical Simulations
The stabilized formulation ͑55͒ has been used for several test problems presented in this section. Figure 1 shows the family of two-dimensional ͑2D͒ elements employed in the numerical studies. Dots correspond to the displacement nodes and circles correspond to the pressure nodes. Q4B and Q9B are 4-and 9-node quadrilaterals with one bubble function, and T3B and T6B are the 3-and 6-node triangles with one bubble function. In each case, appropriate quadrature rules were used to fully integrate the stiffness matrices. Figure 2 shows the location of the bubble functions employed for the quadrilaterals and triangles, respectively. We have employed the simplest polynomial bubbles, which in the element natural coordinate frame are expressed as follows:
The following section presents various patch tests and beam bending problems which serve as standard benchmark problems in the solid mechanics literature. The superior performance of the stabilized elements under severe geometrical distortions is also presented. Also presented are numerical rate of convergence studies for these elements, which confirm optimal convergence rates in the norms considered.
Plane Stress Patch Tests.
The first set of numerical simulations consist of plane stress patch tests ͓26͔. The uniform mesh Transactions of the ASME configuration and the skewed mesh configuration used in the tests are shown in Figs. 3 and 4 , respectively. Meshes for triangular elements were generated by splitting the quadrilaterals. The elastic coefficients used in both cases are E = 1 and = 0.25. The first test case in Fig. 3 is an axial stretch with nodal loads equivalent to a pure axial normal stress of unit intensity applied along edge AB. The exact solution is u 1 = x 1 and u 2 =−x 2 /4. ͑The origin for the two meshes is taken to be at point C.͒ The second test case is a linearly varying normal stress of magnitude x 2 on edge AB. Due to antisymmetry of the problem, half of the mesh is modelled, with antisymmetry boundary conditions imposed on the nodes along edge AC. The bending solution to this problem is u 1 = x 1 x 2 and u 2 =− 1 2 ͑͑x 1 ͒ 2 − ͑x 2 ͒ 2 ͒. Table 1 shows normalized displacements evaluated at node A for the axial and bending deflections for the two mesh configurations. For comparison purposes we have presented the response of Q4 which is the standard 4-node quadrilateral and QM6 which is the Taylor-Wilson ͓19͔ incompatible modes quadrilateral element. Accordingly, we present the performance of the linear triangle T3B and bilinear quadrilateral Q4B. The axial stretch in both the configurations is exactly satisfied. The bending solution to an applied moment in the form of a couple is a quadratic polynomial. In the uniform mesh configuration, only element QM6 with incompatible modes captures the solution exactly. This is because the incompatible modes contain quadratic terms in the coordinates of the parent domain and which coincide with the global coordinates for the uniform mesh and can, therefore, fully represent the exact solution. However, the incompatible modes are not complete second-order polynomials, and therefore, in the skewed mesh configuration, are unable to fully capture the exact displacement.
The axial stress at points a-g is exact for the axial stress case on both the mesh configurations. Therefore these results are not presented here. For the bending load case, the stresses obtained for Q4B at the points a-g are presented in Tables 2 and 3 .
Remark 8: By studying patch tests we can detect the rigid body modes, any false zero energy modes and invariance of the element under change in global orientation. Preliminary tests, not presented herein, indicate that our elements do not possess false zero energy modes and are invariant under change in global orientation.
Sensitivity to Mesh
Distortion. This is a standard test for evaluating the sensitivity of the elements to mesh distortion and serves as a benchmark problem in element evaluation. Such testing has been an important ingredient in element development, investigating completeness of the interpolation polynomial and checking the constant stress states of the element. A cantilever beam, modeled by two quadrilateral elements, is subjected to a bending moment in the form of a couple ͑see Fig. 5͒ . The edge separating the two elements is then gradually rotated about its center, a distance of ±a on the top and the bottom surfaces, to distort the mesh. The degree of geometric distortion of these elements is represented by the dimension a. The same test is performed on triangles by bisecting the quadrilaterals. The elements used in the test are 6-node triangles and 9-node quadrilaterals ͑see Fig. 6͒ . Linear triangles and bilinear quadrilaterals are not presented because of their inability to capture bending behavior ͑which is a quadratic polynomial͒ even in the undeformed configuration. The normalized displacement at point A and the normalized stress at point B, respectively, are presented in Table 4 . The exact solution is a quadratic polynomial, and hence quadratic elements show no deterioration with mesh distortion as long as the edges are kept straight ͑Table 4͒.
Rate of Convergence
Study. This section presents the mathematical rate of convergence study for displacements in the L 2 ͑⍀͒ norm and the energy norm, and for pressure in the L 2 ͑⍀͒ norm. The exact solution depends on Poisson's ratio; the value 0.4999 is employed in the calculations to model the nearly incompressible behavior of the material. In the present study, plane strain conditions are assumed in force. The configuration considered here is shown in Fig. 7 . A cantilever beam of length-to-depth ratio equal to five is subjected to a parabolically varying end load. Boundary conditions are set in accordance with an exact elasticity solution. This is a standard problem that is employed to assess the performance of plane-stress-strain elements subjected to dominant in-plane bending behavior. The meshes shown consist of 16 quadrilateral and 32 triangular elements. Finer meshes are constructed by bisection. In the case of the quadratic elements, a coarser mesh is also employed with one layer of elements through the depth.
The exact solution to an applied shear force is a third-order polynomial. Numerical examples in the following section show that with successive mesh refinements, the finite element solution converges to the exact solution at nearly the optimal rate of convergence for the norms considered. For the linear elements, i.e., 3-node triangle and the 4-node quadrilateral, the theoretical rate of convergence for the displacement field in the L 2 ͑⍀͒ norm and the energy norm is 2 and 1, respectively, while optimal rate for the pressure field in L 2 ͑⍀͒ norm is 2. Figures 8-10 present the numerical rates of convergence of linear elements. Figure 8 shows convergence in the L 2 ͑⍀͒ norm of the displacement field and we see nearly optimal rate of convergence. Figure 9 presents convergence in the energy norm and optimal rates are attained. The convergence in the L 2 ͑⍀͒ norm of the pressure field is presented in Fig. 10 which is again nearly optimal.
For the quadratic elements, i.e., 6-node triangle and 9-node quadrilateral, the theoretical convergence rates for the displacement field in L 2 ͑⍀͒ and energy norms are 3 and 2, respectively, while optimal rate for the pressure field in L 2 ͑⍀͒ norm is 3. The corresponding numerical rates are presented in Figs. 11-13. Ex- Transactions of the ASME cept for the L 2 ͑⍀͒ norm of the pressure field for 6-node triangle, which is sub-optimal, we get theoretical convergence rates of all the other fields in the quadratic elements.
Accuracy Study.
This test presents the engineering convergence properties for the family of elements. A cantilever beam is loaded via edge shear, and boundary conditions are set in accordance with the theory of elasticity ͑see Fig. 7͒ . In these simulations Poisson's ratio is 0.4999 to simulate nearly incompressible behavior, and plane strain conditions are assumed in force. Figure  14 shows the pressure contours for the 3-node triangle T3B, while Fig. 15 presents the contours for the 4-node quadrilateral Q4B. Figure 16 shows a composite mesh made of triangles and quadrilaterals in the same computational domain with the superposed pressure contours. This figure is intended to show the advantage of using the stabilized methods wherein one can arbitrarily com- Figures 17 and 18 present the normalized tip deflection convergence and normalized stress convergence for the linear triangle T3B and the bilinear quadrilateral Q4B, respectively. Likewise, Figs. 19 and 20 present the normalized tip deflection convergence and normalized stress convergence for the quadratic elements T6B and Q9B, respectively. These plots present uniform convergence of displacements and stresses, and also show substantial increase in the coarse-mesh accuracy attained by increasing the order of interpolation. As expected, the linear triangle and bilinear quadrilateral are comparatively stiff, while the accuracy of all the quadratic elements is excellent.
Cook's Membrane. This problem, first proposed in Ref.
͓16͔ as a test case for general quadrilateral elements, shows the bending performance of the elements under excessive mesh distortion. The configuration is a tapered panel with one edge fixed and the opposite edge acted upon by a distributed shear load ͑see Fig. 21͒ . There is no known analytic solution for this problem but the results for a 32ϫ 32 mesh are used for comparison purposes. Plane strain conditions are assumed enforced. The Poisson's ratio is 0.4999 as is used in Simo and Armero ͓18͔ and Kasper and Transactions of the ASME Taylor ͓27͔. The vertical deflection at the top corner of the tip is presented in Fig. 22 . The standard displacement based 4-node quadrilateral element shows a poor response all across. One of the proposed stabilized-mixed elements, the equal-order 4-node element is compared with the enhanced strain element of Simo and Armero ͓18͔ and the mixed-enhanced strain element of Kasper and Taylor ͓27͔. Figure 23 presents the response at the tip as a function of the Poisson's ratio. The present element works all the way to the incompressible limit, as does an element based on the Galerkin/Least-squares stabilization. However, pure displacement based standard element shows severe locking in the incompressible limit. Figure 24 shows the pressure contours for the 4-node quadrilateral Q4B. Figure 25 shows a composite mesh made of triangles and quadrilaterals in the same computational domain with the superposed pressure contours. Once again we obtain a smooth pressure profile for the composite mesh.
Conclusions
We have presented an application of the variational multiscale method ͓25͔ for developing stabilized finite element formulations for compressible and nearly incompressible elasticity. The novelty of the present method is that the definition of the so-called stability parameter appears naturally in the derivation. The proposed method is based on sound variational foundations, thus providing a basis for a priori error analysis of the system. The resulting finite element formulation allows arbitrary combinations of interpolation functions for the displacement and pressure fields, and thus yields a family of stable and convergent elements. Various benchmark problems have been solved to show that the developed elements do not possess false zero energy modes and are invariant under change in global orientation. Numerical tests of plane stress and plane strain elements have been presented to show the superior accuracy of the elements. Rate of convergence studies have been carried out that show optimal convergence rates in the norms considered and corroborate the theoretical convergence rates for the displacement and the stress fields. 
